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Chuong 1. Ham s6 luong gidc & ham s6 luong gidc 2

CHUGNG I : HAM SO LUGNG GIAC & PHUONG TRINH LUGNG GIAC

1. Cdc ham s6 lugng gidd
A . Tém tit giso khoa :
1.Hams6y= f(x) =sinx:

a) Tap xdc dinh Ia R ; tap gid tri 1a doan [—1, 1]

b) La mot ham s6 1€ nghia 12 sin (- x ) = - sin (X ) v6i moi x
¢) La mdt ham s6 tudn hoan chu ky 1a 27 nghiala f(x+k27)= f(x);keZ

d) Pong bi€n trén mdi khdang (—% + k27r,% +k27) va nghich bié€n trén mdi khdang
(§+ k27z,377[+k27r);k cZ

e) C6 db thi 13 mot dudng hinh sin .
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2. Ham s8y = f(x) = cosx :
a) Tap xdc dinh 1a R ; tap gid tri 1a doan [—1,1]
b) La mdt ham s6 chin nghia 1 cos (- x ) = cos ( X ) v6i moi x
¢) LA mot ham s tudn hdan chu ky 12 2 7
d) Pong bi€n trén mdi khdang ((2k —1)7r,2km) va nghich bién trén mdi khdang
Rkr,2k+)7);keZ
€) C6 dd thi 13 mdt dudng hinh sin .
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Chuong 1. Ham s6 luong gidc & ham s6 luong gidc
3.Ham sd y = f(x) = tanx :
T
a) Tap xdc dinh 1a R\{E+k7r};k e/ tApgidtrilaR.

b) La modt ham s6 18 .
¢) La mot ham s& tuan hoan chu ky 12 7

d) Dong bién trén mdi khdang (—% +kz ,% +k7)

N . T .
e) C6 do thi nhdn cdc dudng thang x = E +kz;k e Zlam ti€m cén diing

y -

4 . Ham s0 y = f(x) = cotx :

a) Tap xdc dinh 1a R\{kz};keZ ;thpgid trilaR.

b) La mot ham so 1é

¢) La mot ham s6 tuin hoan chu ky 1a 7

d) Nghich bién trén mdi khdang (k7 ,(k+1)7z);k e Z

e) C6 d6 thi nhan dudng thing x = k7 1am dudng tiém cin ding .

e
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Chuong 1. Ham s6 luong gidc & ham s6 luong gidc 4

5. Ham sd tuan hoan :

Cho ham s6 y = f ( x ) xdc dinh trén D . N&u c¢6 mot s6 T thda cdc diéu kién : V6imoi x thudc D, (x + T
Ythuoc D3 (x—T) thupc Dva f (x +T)=f(x) thi hAm s ndy dudc goi 13 mdt ham s tudn hoan . Khi
T 14 s6 duong nhd nhat thda cdc diéu kién trén thi T dugc goi la chu ky ctia ham s& .

B . Giaitéan :

Vidu 1: Tim tip xé4c dinh clia cdc ham sO sau :

a)y=+1+cosx b)y=;

1—cosx
2

Q)y=—r Ay =,|—
tanx—\/g 1-sinx

Giai :
a)Tacd:1+cosx 20,VxeR . Viy haim sd ndy c6 tip xdc dinh 1a R .
b) Ham s& xdc dinh khi 1 — cosx #0 <> cosx # 1< x# k27 ;k € Z . Vay tip xdc dinh clia ham sd nay

la: R\{kZ;z};keZ.

e . o N V4 -T
¢) Ham s6 xdc dinh khi tanx xdc dinh va tanx — 3¢O<:>tanx¢\/§<:>x¢? ;xe(—;—)

¢ . .. T T
Vi ham s6 y =tanx c6 chu ky 1a 7 nén tip xdc dimh clia ham s6 1a : R \{E + k7r;§+ k;r}

I+sinx>0 . . . .
d) Tacod: . Vx € R(do—1<sinx<1). Vidy ham s6 xdc dinh khi
I-sinx>0

. . . V4
l-sinx#0 < sinx %1 x 22 +k27 . Tap xdc dinh clia ham s6 14 R\{5+k27z};k62.

Vidu 2 : Xét tinh chin , 18 clia cdc ham sd sau :
a)y=f(x)=2cosdx -1 b) y =g (x)=2sin2x +3
c)y=h(x)=(sinx + cosx + 1 )( sinx + cosx — 1)
d)y=k(x)=sin’ x.cosx +tanx

Giai :

a) Tap xdc dinh cia hAm s6 1A R . f(-x)=2cos4(-x)— 1=2cos(-4x) -1
=2cos4x — 1= f ( x) v6i moi x.

Vayy=f(x)laham sd chin .

b) Tap xdc dinh cia hAm s6 1A R . g (- x ) = 2sin2(-x ) + 3 =-2sin2x + 3 # g (x ) hodc# -g(x), ching
han :

T T T T
Y= 2sin2(- ) +3=—1+3=2;g(-=) =2sin2(-=) +3 =4
g( 12) sin 2( 12) g(lz) sin (12)

T T T T
g 88 *—8()
Vay haim s& y = g ( x ) khdng chin va ciing khong 18 . ( him s6 khong c6 tinh chdn hodc 18 )

¢) Tap xéc dinh ctia ham s6 12 R Ta c6 :
h(x)= (sinx+cosx)” —1=sin’ x +cos” x+2sinxcos x —1 = sin 2x .

Do dé: h(-x)=sin2(-x ) =sin ( -2x) =-sin2x =-h ( X ) v6i moi X .
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Chuong 1. Ham s6 luong gidc & ham s6 luong gidc 5
Vay haim s8 y =h ( x ) 12 mot ham s6 18 .

z 7[ 4 .
d) Tap xdc dinh cdahams6y =k (x)1a:D =R\ {54- kﬂ'}. Véi moi x thudc D hi€n nhién ( - x ) cling

thudc D va ta ¢6 : k (-x) =sin’ (—x) cos(—x) + tan(—x) = —sin’ x cos x — tan x = —k(x)
Vay ham s8 y =k (x ) 12 mot ham s6 18 .

Vi du 3 : Tim khdang dong bién ctia cdc ham s6 sau :

a)y =sin(x +%) b)y = cos(2x —g)

c)y =cos’ x d)y=sin’x

Gidi :

a) Pt X =x +% ,ta c6 : y = sinX vi ham s6 nay dong bién khi :
—£+k27r<X<£+k27rc>—£+k27r<x+£<£+k27rc>—5—7[+k27r<x<£+k27r .
2 2 2 3 2 6 6

. . . 5
( xem sédch gido khoa ) . VAy ham s6 nay dong bién trén moi khdang (—?ﬁ+ k27r,%+ k27)
b) Tuong tu nhu trén , him sd nay ddng bién khi :

Rk-Dx < 2x—% <2kr < —%+ kr<x< %+ km . Vay him sd nay dong bi€n trén moi khdang

(—% + k;z,% + k) ; ching han ddng bién trén nhitng khdang sau : (chok=0,1,.)

T 2 Tx
?’E) ) (Ta?)

c)Tacé: y=cos2x=5(1+0052x) . D€ yring , n€u ham s0 y = f ( x ) dong bié€n thi cdc ham s6 C + f(

x) (Cla mdt hiing s§ ) va C’.f (x ) (C’ 12 mot hiing s6 duong ) ciing 14 cdc ham s§ dong bién ( diing
dinh nghia ta c6 ngay cic két qui nay ).
Viy ham s0 y = cos” x ddng bi€n khi ham s6 y = cos2x dong bién . Tudng tv nhu trén , ta c6 : ham s& nay

dong bién khi (2k —1)7 < 2x < 2krz < —%+ km<x<kr .Témlai, ham sd'y = cos” x ddng bién trén
L 7
moi khdang (_E +kr, k)
. 1 z . A « A . ’
d)Taco: y=sin’x= E(l —c0s2x). Ly luan twong ty , ham s6 'y = sin® x ddng bién khi ham s& cos2x
nghich bi€n . Vay ham s6'y = sin” x ddng bién khi 2kz <2x <2k +1)7 < kr <x <%+kﬂ' . Tém lai,

ham s8 y = sin® x ddng bién trén moi khdang (k;z',%+ kr);keZ.

Vidu 4 : Tim gi4 tri [6n nhat va gid tri nhd nhit clia cdc ham s& sau :

a)y=2005(3x—%)—1 b)y =2cos” x+3sin* x +5

¢)y =+sin* x +4cos’ x d)y=4cos’ x+4cosx+3
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Chuong 1. Ham sé luong gidc & ham s6' luong gidc

Gidi :
T V4 T
a)Taco: —1 Scos(3x—g)s l<-2< ZCOS(3X_€) <2« -3< 2cos(3x—g)—lsl

Dodé: -3<y<lI;

y=-3 khicos(3x—%)=—l ( chi can chon x sao cho x-Toz e x=71—78r )
y=1khi cos(3x—%)=l ( chi cin chon x sao cho -T-0e x=%)

Viy gid tri 16n nhat clia y 1a 1 ; gié tri nhd nhit cha yla - 3.

b)Tacé:y=2¢052x+sin2x+5=coszx+6 (visi® x+cos’x=1).Ma:
0<cos’x<1<6<cos’x+6<7T<6<y<7

y=6 khicosx=0(chic§nl§yx=%); y=7khicosx=1(chi cAnldyx=0).

Vay gid tri 16n nhit ctia y 1a 7 ; gié tri nhd nhit cla y 12 6.

c)Tacé: y=\/sin4x+4coszx=\/(1—cos2 x)2+4coszx=\/(1+cos2 x)’ =1+cos’ x
Tuong twciub) ,tacd: 1<y <2 va gid tri I6n nhatcla y 12 2 ; gid trinhd nhatclayla 1.
d) Tacod:y=(2cosx + 1)* + 2.

—IScosxS1=>—1S200sx+1§3=>0§(200sx+1)2S9

=>2<y<lIl

Vay gid tri 16n nhat clia y 1a 11 ; gi4 tri nhd nhit chay 12 2.

Vidu 5:Chohimsdy=f(x)=4(sin"x +cos* x)— 3.

N k N
a) Chitng minh ring : f(x+7ﬂ)=f(x),‘v’xeR (ke Z) vaf(x)lamdtham s6 tuan hoan

b

2 A A 2 N AN A T N ~ A . 2 z
b) Lap bang bi€n thi€én cua ham s6 nay trén doan {—Z Z} va vé& do thi cua no .

Giai :
a)Tacc’):y=f(x)=4(sin2x+coszx)2—8sin2x.coszx—3
=4-28in* 2x - 3= 1— (1 — cos4x) = cosdx . Do d6 :

f(x+k7ﬂ) = cos 4(x+k7”) = cos(4x+k27)=cosdx = f(x) . LAy k=1 ,tacé:

f(x+%)=f(x);(T=%).Héms6y=f(x)cémiénxécdinhléRVécésfthhéa:

(x+T)thuocR; (x—T) thuocRvaf(x+T)=f(x).Vayhim s§ niy 12 mot him s6 tuan hoan .
b) Tt bang bi€n thién clia ham s8 y = cosX ( véi X =4x ) , ta ¢6 bang sau : ( ghi gié tri clia X & hang thi 2
trude , rdi ghi gid tri tuong ng clia x & hang thi 1) .

x |2z oz
4 8 8 4
4x . z 0 i ju
2 2
Y=cosdx [ -1 /" 0 1\ 0N\ -1
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Chuong 1. Ham sé luong gidc & ham s6' luong gidc

3p/16 p/4

C . Baitip ren luyén :
1.1 . Tim tap xéc dinh clia cic ham s6 sau :

a)y = cos(3x +%) b)y =+lsin® x—1

2

x°+1 1
c)y= d)v = /_
)y xsinx )y 1+cos2x

tan x N

e)y=——"- y=—
tanx —1 sin x

1.2 . Xét tinh chin , 18 ctia cdc ham s6 sau :
a) y = 2cos3x +4 b)y=sin(x’+3)
¢) y = tanx.cotx + 2sin’ X + cos” X d)y= cot(|x|) + sin(xz + |x|)

1.3 . Tim gi4 tri 16n nhat , gid tri nhd nhit cta cdc ham sd sau :

T V4 R4
a)y =2cos(3x—— b)y=sin(2x+—);xe| ——,0
)Yy ( 3) )y =sin( 3) { B }
c)y=2cos’ 2x +4sin’ xcos’ x+3 d)y=2cos’ x+sin’ x+4cosx—7
3sin’ x+8
e = —_—
)y 2cos’ x+3 1y sin” x+2

*1.4 . Tim gid tri 16n nhat , gid tri nhd nhat cda ham sd sau :
_ 3cos’ x+4sin’ x

Y=
3sin* x+2cos’ x
*1.5 . a) Tim gi4 tri nhd nhit ctia ham s6 :
y=cos2x+
2cos’ x+1
b) Chiing minh ring hAm s6 sau ddng bién :

1 ., .
y=t+—;te[1,3] . Suy ra gia tri I6n nhat cia hamso (1).
t
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Chuong 1. Ham sé luong gidc & ham s6' luong gidc

1.6 . Tim khéang ddng bi&n (hoic 14 nghich bién ) clia cdc ham s8 sau :

a)y = cot(x +%) b)y = tan(x +%)
¢)y =sin(2x —%) d)y = cos(2x +§)
1.7 . Tit cdc dd thi da hoc , vé& d6 thi ctia cdc ham s6 sau trén doan [ 7 ; 7]
a)y=sinx—2 b)y=|cosx|
c)y=sin|x| d)yztan|x|

D . Huéng din — Pap so .
1.1. a) Tap xdc dinh 1a R .

b) Ham s& xdc dinh khi : sinzx—120<:>sin2x21<3sin2x=1(dosin2xsl)<3x=i%+k2n .
A A il o la e 3 3z & 7 37w
Vay tdp xdc dinh cta hams6 1a: D=y*—+k27y=q...—,——,0,—,—,...; ;keZ
2 22 22

¢) Ham s6 x4c dimh khi :

) x#0 x#0
xsinx =0 < = S xzkr

sinx # 0 x#km
Vay tap xédc dinh clia ham s6'1a : R\{kzx}
d)R\ {%+ k;z'} )R \{%Jr kﬂ,%Jrk;z'} D =[-1,0)U(0,1]
1.2 . a) chin b) chin ¢) chin d) chin .

1.3.a) GTLNIla2; GTNN la —2.

3

b) xe{ﬂ,()}<:>—£S2x+%£%:—l£sin(2x+%)S—

2 2
3

Vay GTLN la 7 ; GINN la-1.

c)y=4+cos’2x. VayGTLN1a5 ; GTNN 1a 4.
d)y=(cosx+2) —10.1<cosx+2<3=>1<(cosx+2)’<9=-9<y<-1

GTLN : -1 ; GINN: -9
e)3§20052x+3§5:>l£+sl;GTLN:l;GTNN:l.

5 2cos"x+3 3 3 5
)
2)+2 2 11

:3(sm x+2)+ .

Tacé: ;GTLN 4 ; GTNN —
D Y i x 2 sin® x+2 3
*1.4.Tacé:
_3(1—sin2x)2+4sin2x_3sin4x—2sin2x+2+1_1+ 1
3sin*x+2(1-sin’x)  3sin®x—2sin’ x+2 3sin® x —2sin” x +2
=1+ ! =1+ ! £y£1+l
. , 5 4 5 5
3(sin“x——)" +— —+= =
3 3 33 3

GTLN:% ; GTNN:%
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Chuong 1. Ham s6 luong gidc & ham s6 luong gidc

1
*1.5. a)Taco: y=2c0s2x+1++—222—2=0(C0si).
2cos” x+1
Dau “ = “ xdy ra khi cosx =0 . Vay GTNN 12 0 .

1 1 1 1
b)yz - :tz _tl +t—_t—:(t2 _tl)(l_;) >0 (tz > tl ,;<1)

2 1 241 271
. | N . 4
Vay hamsd y=t + — dongbi€n.Suyra:y(t) Sy(3)=§;te[1,3]
t

. ) . 4
Lﬁyt=2c052x+ 1tacéd GTLN cua hamso (1)1a g

Chi y : Dung tinh ddng bié€n nay ta ¢6 thé tim dugc GTNN clia y & cau a)

1.6 . a) Ham s& nghich bién khi : k7r<x+%<(k+l)7r<:>—%+k7z<x<5?ﬂ'+kﬂ'

b) Ham s& dong bién khi : —§+kﬂ<x+%<%+kﬁc> —377[+k7r<x<%+k7r

¢)Ham s6 nghich bi&n khi : %+k27r<2x—%<37”+k27r<:>§+k7r<x<5?ﬂ+k7r

d) Pong bién khi : (2k—1)7r<2x+%<k27r<:>—2%+k7r<x<—%+k7r

1.7 . a) Tinh ti€n @6 thi ctia hAim s6 y = sinx xudng phia dudi mdt doan cé chiéu dai bing 2

y

-0.57

b) Giit nguyén phan
dd thiy=cosx &
phia trén Ox . Ldy
ddi xitng qua Ox
phén db thi y = cosx 05t
¢ phia dugi Ox. Hai
phén hop lai thnh &
thi can v&.

-p -p2 p2
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Chuong 1. Ham sé luong gidc & ham s6' luong gidc

¢) Giif nguyén phan d6
thi y = sinx § bén phai
Oy. Vé thém ddi xting
ctia phan nay qua Oy.
Hai phin hgp lai thinh
dd thi can vé.

10

0.5

-p -p/2 p2 p
N Ty
d) Giit nguyén phan do thi y = tanx 35t
& bén phdi Oy. V& thém déi xiing 3
clia phan nay qua Oy. Hai phan i)
hgp lai thanh d6 thi cin vé. 1:
A
0.5T
-p -p/2 p/2
-0.5T
-1t
15+
2}
257
st
=351
ON CONG THUC LUQNG GIAC (LOP 10)
‘§1 . Dinh nghia ham s6 lugng gidc
By t U Cho s6 thuc ¢, goi M 1a diém biéu dién géc ¢,
0 M AT ttc sdAM = g, thé thi :
| i OP =x,, =cosgp
i 0Q = Yy =Ssing
X 0 P X AT =tang
BU = cot 1)
y7
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Chuong 1. Ham sé luong gidc & ham s6' luong gidc 11

[§2. Hé thic cd ban

Sin(x + k.2n) = sinx, Vk € Z
cos (x + k.2rn) = sinx, Vk e Z -1 < sinx <1 tanx chi x4c dinh cotx chi x4c dinh
tan(x + k.m) = tanx, Vk e Z -1 < cosx <1 khix#7z/2+k.x khix #k.z
cot(x + k.m) =cotx, Vk e Z
—=1+tan’x
COS™ X
——=1+cot’x
sin“x
§3 . Cong thic goc lién quan
1.Gécddi:ava—-a 2.Gécblu :ava 7—a
cos( - a) = cosa sin( ~r - a) = sina
sin( - a) = - sina cos(x -a)=-cosa
tan(- a) = - tana tan(~ - a) = - tana
cot(- a) - cota cot( - a) - cota
3.Gochon 7z:ava 7 +a 4. Géc phunhau:ava 7/2-a
tan(~ + a) = tana sin(z/2-a) = cosa
cot(7 +a)=cota cos(7/2-a) =sina
sin(z + a) = - sina tan(z/2-a) = cota
cos(7 +a)=- cosa cot(7/2—a)=tana

5.Gochon r/2:ava /2 +a
sin(z/2+a) = cosa
cos(z/2+a) =-sina
tan(z/2+a) = - cota
cot(z/2+a)=-tana

§4 . Cong thuic lugng giac
1. Cong thitc cong :

cos ( X +y ) = cosxcosy — sinxsiny
cos ( X — y ) = cosxcosy + sinxsiny
sin ( X + y ) = sinxcosy + sinycosx
sin ( X — y ) = sinxcosy — sinycosx

tan x + tan y
tan(x+y) = ——
1—tanx tan y
tan x — tan
tan(x—y) = -2V
1+tanxtan y

2 .Cong thitc nhan déi :
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Chuong 1. Ham s6 luong gidc & ham s6 luong gidc

sin2x = 28in x cos x

2tan x
tan 2x =

1—tan® x

cos2x =cos’ x—sin’ x =2cos’ x—1=1-2sin’ x

sin3x = 3sinx — 4sin’x
cos3x = 4cos’x — 3cosx

12

3. Cong thic ha bac :

> l+cos2x

»l—cos2x

> l—cos2x

cos” x ; sin® x ;  tan” x
2 2 1+ cos2x
. 3 3sin x —sin3x 3 3cos X +cos3x
sin x=——"-; coSX="——"T2
4 4
4 . Cong thic tinh sinx , cosx , tanx theo t = tang
: 2t -7
Sin x = > 5 COsSX= > 5 tanx= >
1+¢ 1+¢ —t
5. Cong thiic bién ddi :
a) Bi€n d6i tong thanh tich : b) Bi€n déi tich thanh téng :
+ —
cos p+cosqg=2 cos%cosu COSXCOS y = %[cos(x +y)+cos(x—y)]
cos p—cosq =—2 siinwsin% sin xsin y = —%[cos(x +y)—cos(x—y)]
sin p+sing =2 siinJrqcos% sinxcos y = %[sin(x +y) +sin(x—y)]
- . 1. .
sin p—sing =2cos pTJrq sin % cosxsiny = 5[s1n(x +y)—sin(x — y)]

6 .Bién ddi bi€u thitc ( asinx + bcosx ) = csin(x+ )

a
c=+a’+b’ ;cosq = ——r

a’ +b?

;sina =

b

\a® +b?

Pic biét: [sinx—cosx =

: T
2sin(x——
( 4)

Sin x +cosx =+/2 sin(x+%) = x/zcos(x—%)

T
2 cos(x+—
( 4)

J?sinx+cosx=2sm(x+i6’)=2cos(x—’—3[)

\/gcosx+sinx:2sin(x+7—3z):2cos(x—%)

1
sin’x + cos*x = 1 - 2sin’xcos’x =1 - E sin’® 2x

3
sin®x + cos®x = 1 — 3sin’*xcos’x = 1 - Z sin® 2x
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Chuong 1. Ham sé luong gidc & ham s6' luong gidc
Giai Téan :

IDang téan 1 : Rit gon mét bi€u thid

Vi du 1: Rit gon biéu thic sau:

. 2
cosa 1 sin“ x —tan” x
a)A= - b)B= ———
l-sina cosa cos” x —cot” x
2 )
€cos” X —sin” x . .
0C=—y . — d) D = 4(sin® x + cos® x) - 3(cos® x —sin® x)°
sin” X +cos” X —sin” X
Giai:

DA = cosza—(l—sina) _ (I—sina)(I+sina)—(l1—sina)
(1-sina)cosa (1-sina)cosa
_ (1+sina)—1 —tana
cosa

.2 sin? x
sin” x —

2 22 2, .2
b)B= cos®x _ sin x(cos“x—1) sin” x
2 2 2 2
2 cos” X cos” X cos” x(sin” x—1)
cos” X ———
sin” x
—sin*x sin’x —sin® x
2. 4
cos’x —cos*x —cos®x
=tan®x
cos? x —sin? x cos’ x —sin’ x
0C=—s 2 i 2 2 1
sin” x(sin” x —1)+cos” X —sin” Xcos” X+ cos X
cos® x —sin® x 1
- 2 2 2N 2
cos” x(cos” x—sin” X) cos” X

d) D = 4(1-3sin* x cos” x) — 3(cos 2x)*

= 4(1—Zsin2 2x) —3(1 —sin? 2x)
=1

Vi du 2 : Riit gon cic biéu thic sau:

a) A = (cos X + cos 2x)* + (sinx + sin 2x)?

¢) C = 4sin x cos(x + 30°)cos(x — 30")

d)D= sin*x + cos*x -

Giai:

b) B = sin(x + 60%)sin(x — 60°) — sin® x

3+sin4x

4

a) A = (cos” X + cos” 2x + 2c0s xc0s2 X) + (sin” x + sin’2 x + 2sin xsin2 x)

= (cos” X + sin® x) + (cos’2 X + sin’2 X) + 2(cos xcos2x + sin xsin2x)
=1+1+2cos x =2+ 2cosx

b)B = 5.(0031200 —cos2x)—%(1—cos2x)

1 1
= —(-—-c0s2x) -—(1—cos2x) =- %
2( > ) 2( )
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Chuong 1. Ham sé luong gidc & ham s6' luong gidc
¢) C = 2sin x(cos2x + cos60°) = 2sin x(cos2 x + V2)
= 2sin xcos2 X + sin X = (sin3 x - sin X) + sin x
= sin3x
d) Ta bi€n ddi: sin*x + cos’x = 1 — 2sin” x cos’ x = | - %sin2 2x

1—cos2x

-1
2 2

3 +cosdx

= (day la phép bi&n d6i can nhé)

Ciing cin nhd ludn sin’k + cos®x = 1 - %sin2 2x = w
Suyra : D= cosdx - sindx =£cos(4x +£)
4 4 4
Vidu 3 :Riit gon céc bi€u thiic sau
a) A=1- 8cos’ x + 8cos’x b) B = sin’ xcos x — cos’ xsin x
¢) C = tan X + cotx +2cot2x d) D = sin’ xcos x + cos’xsin x
e) E = sin® xsinx + cos’xcos x

Giai:
a) A=1- 8cos’x(1 — cos® x) = | — 8cos® X sin’x

=1-2sin2x= cosdx

o . 4 4N _1 . 2 .2 2 .2
b) B = sin xcos x(sin” x - cos” x) = ¥2. sin2 X. (cos” X — sin” X)(cos” X + sin” X)

=Y .sin2 x. cos2 x . 1 =% sind x

sinx cosx 2co0s2x sin® x+cos’x  2c0s2x
c)C= + + = +

COsSX  sinx sin2x COS Xsinx sin2x

2 + 2cos2x  2(1+cos2x)

sin2x sin2x sin2x
2.2c0s? X
= ——=2cotx
2sinXcosx
3 +co0s3 3sinx —sin3
d) Thay cos’x = w :sin’ x = w , ta dudc :

1 1
D= Z(3 sinx - sin3x)cosx + Z(3 COS X + cos3x)sinx

= l(6 $in XCOSX) + l(c:os 3xsinx - cosxsin3x) = 3s,in 2x-lsin 2x
4 4 4 4

=1 sin2x
. L
€) Thay cos’x = M ;sin’ x =M, ta dugc :

1 1
E= 7 (3sin x-sin3x)sinx+ Z(3 €0S X+c083X)cosx

www.saosangsong.com.vn



Chuong 1. Ham sé luong gidc & ham s6' luong gidc 15

3 1
Z(sin2 X+ coszx)+Z(cos3xcosx - sinxsin3x) = 3 + Y4 cos4dx

tl)ang téan 2 : Tim GTLN, GTNN ciia bi€u thitc lwgng gid|

% Riit gon biéu thifc gon nhu c6 thé rdi diing bat déng thic lugng gidc
® —]<sinu<l; —1<cosu<l ,Vu

e Oc<sinlu<l ;OScoszuSI , Vu

Vidu1 : Tim GTLN, GTNN cta cic biéu thifc sau
a) A = sin*x + cos’x b) B = sin®x + cos®x + sin’x

¢) C =sin xcos(x + 30%cos(x — 30”) d) D = sin® xsinx - cos’xcos x

Giai:
a)A=1- 2sin’x cos’x = 1 - ¥4 . sin2x
Ma 0<sin®2x <1 nén %sAsl.Véy GTLN1a 1va NN %.

b) B = 1 — 3sin’x cos’x — 3sin” x = 1 — 3sin® x(1 — sin’x) + sin” x

=3sin® x — 2sin’* x + 1 = 3(sin* x — 1/3)* + 2/3
Vi0<sin®x<1nén- 1/3 <sin’x— 1/3 <2/3 =>0 < (sin® x — 1/3)> <4/9
=>2/3<B<34/9+2/3=2
Vay GTNN la 2/3 va GTLN la 2.
¢) C =sin x. Y2 (c0s60° + cos2 x) = ¥ sin x + %2 .cos2 xsin x

=V4 sin X + Y4 .(sin3 X - sin X) = V4 .sin3 X
Vi-1<sin3x<1nén-1%<C<%vaGTLN la % va GTNN la — %,

3cos x +cos3x 3 3sin x —sin 3x

d) Thay cos’x = — ;sin” X = vy ta dugc :

= %(3 sinx - sin3x)sinx — i(3 COSX + €0s3X)Ccosx

D== z(sinz X — coszx) — l(c:os 3Xcosx + sin3xsinx) = —zcos 2X - lcos 2x
4 4 4 4
=-c0s2x

Vay GTLN1a 1 va GTNN la - 1.

Vi du 2: Tim GTLN caa f(x) = (tanx — cotx)’ -

sin” 2x
Giai:
. .2 2
) sinX CcOSX sin“X-cos“X  —cos2x
Ta c6 : tanx — cotx = -——= - = - =-2cot2x
COosX  sinx COSXSinx 1/2.sin2x

2
Va — i = (%j = (1+cot2 2x)2 =cot* 2x +2cot” 2x +1
sin” 2x sin” 2x
Suy ra f(x) = 4cot’2x - (cot*2x + 2cot’2 x + 1)
= -(cot2x - 2cot?2 x + 1) = - (cot’2x — 1> <0
Vay GTLN ciia f(x) 1a 0 khi cot’2 x — 1 =0 (ldy x = - 7/8).
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Chuong 1. Ham s6 luong gidc & ham s6 luong gidc 16

§2 . Phuong trinh lugng gidc co ban .

1. Phuong trinh lugng giic co bﬁn.|
A . Tém tit gido khoa .
Phuong trinh lugng gidc cd ban va cdng thic nghiém :

) ) X=A+k2x
sinX =sin4 <

X=nm—-A+k2n

X=A+k2x
cosX =cosdA &

X=—A+k2n

tan X =tan 4 < X = A+kr (A;t%Jrk'zr)

cotX =cotA=> X=A+kn(A=k'n)

Chi y :
a) Ddi v6i phuong trinh sinX =m ( —1<m <1 ), ta c6é cdc chi y sau :
T

¢ T
1) Nghiém duy nhat thuoc doan [—E,ﬂ dugc ky higu Ia : .

X =arcsinm+k2x

Nhu thé : [sin X =m <& )
X =rm—arcsinm+k2r

2)Khim=0haym=1hay m=- 1, tacé thé viét cong thiic nghié¢m gon :

sinX=0<3X=k7z;sinX=1<3X=%+k2zz';sinX=—1<3X=—%+k27r

b) D&i véi phuong trinh cosX =m (—1<m <1) ,tacé cdcchi y :

1) Nghiém duy nhat thuoc doan [0, 7] dugc ky hiéu 1a : .
Nhu the : [cos X =m < X =+arccosm+ k27|
2)Khim=0hay m=1hay m=- 1, ta cé th€ viét cong thifc nghiém gon :

cosX=O<:>X=%+k7r;cosX=1®X=k7r;cosX=—1®X=7r+k27r

¢) Tuong tu d6i v6i 2 phuong trinh : tanX=m ; cotX=m

tan X =m < X =arctanm +kx (m € R;arctan m e(—%,%))

cot X =m<< X =arccotm+kn (me R;arccotme(0,7))

B . Giai téan .

Dang téan 1 : Phudng trinh c¢d ban cosX = cosA ; sinX = sinA

Ta cn thudc cong thifc nghiém va chi y ring cic dang sau c6 thé dua ngay vé dang trén :

® cosX =-cosA < cosX =cos(z -A)
e sinX =- sinA & sinX =sin (- A)
e sinX=cosA < cos( (% —A)) =cosA < sinX =sin (% —A)

e sinX =-cosA thanhcos(z/2+ X)=cosA
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Chuong 1. Ham sé luong gidc & ham s6' luong gidc

Vi du 1: Gidi cdc phuong trinh sau :
a)sin(2x +%) = sin(x —%) ) b)cos(x +20°) = cos(3x —12°) (2)
. T Vs .
c)sin(x +g) =cos(3x —1—0) 3) d)(2sinx—1)(3cosx +2)=0 (4)
Giai :
V4 V4 Tz
2x+—=x—z+k27r x=——+k2x
A < 1112 k2
2+l = —x+Z k2 x=—t 52
3 4 36 3

2x+20° =3x—12° + k360° =32° ~ k360"
)| 7 * @[x

2x+20° =-3x+12° +k360° x=-1°,6+k72°

. V4 . T
c)3) e sin(x+—)=sin(——3x+—
)(3) ( 5) (2 10)

T 7 Vg T kr
X+—=—-3x+—+k2x X=—+—
5 2 10 10 2
=
V4 V4 T V4
X+—=r—-——+3x——+k2x xX=———knx
5 2 10 10
) sin x = sin 2~ x=rw/6+k2rx
2sinx—1=0 6
4 < = <=>|x=57/6+k2x
3cosx+2=0 2
cos X = = x=xarccos(-2/3)+k2x

Vi du 2 : Pinh m d€ c4c phuong trinh sau c6 nghiém
a) sinxcosx =4m+ 6 (@))
b) cos®3x— sin’3x =2m*’+m  (2)

Chu § : Phuong trinh sin x =m, cos x =m ¢6 nghiém < -1<m <1
Gidi :
a) (1) sin2x=2m+3
Vay (1) cé nghiém khi: —1<2m+3<1< 2<m<-1
b) (2) ¢ cosbx =2m* + m
2m* +m+12>0(a)

2m* +m—1<0 (b)
(a)thdavimoimvi A=1-421=-7<0

(2) c6 nghiém khi : —1§2m2+mél<:>{

(b)<:>—1£ms%

Viy (2) c6 nghiém khi: —1<m <

| =
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Chuong 1. Ham s6 luong gidc & ham s6 luong gidc

Dang téan 2 : Phudng trinh c¢d ban dang tanX = tanA ; cotX = cotAl
Nhan xét tuong ty nhu & dang todn 1 :

tanX = - tanA < tanX =tan ( - A)
cot X = - cotA & cotX = cot (— A) (N€u A 12 hiing s6 thi khong cin didu kién)
tanX = cotA & tanX =tan(7z/2 — A)

[ )
[ )
[ )
e tanX =- cotA & tanX =tan(7z /2 + A)

Vidu 1 : Gidi cac phuong trinh sau :
a)tan(x +%) - tan(2x+%) (1)  b)cotx=—3 2)

O)tan(2x +110°) =cot(x+10°) (3)  d)2tan(x +18°)—cot(72° —x) =2 (4)

Giai :

o)1) o 2x+ 2 =x+Zkr
4 6
ox=—Ttkn
12
So diéukién: x+Z 2% vmr o - vkn+ L2 E vz
6 2 12 6 2
@—1+12k+2¢6+12m©k¢%+m(luéntho’avikvc‘zmldsé’nguyén)

Vay x = —%Jr k langhiém

b)(2) < cotx = cot(—%) Sx= %” +kz (khong cdn diéu kién)
¢) cot (x + 10°) = tan ( 90%- x — 10” ) = tan ( 80° — x ) . Phuong trinh (3) thanh :
tan( 2x + 110° ) = tan ( 80°—x )

& 2x +110° = 80°- x + k180° < x =- 10" + k.60°

So diéukién: 80" —x#90° +£.180° <=>80° — (—10° + £.60") = 90° + m.180°

<=>—k.60° £m.180° <=>k = -3m

k khong phai bdi s6 clia 3 > k = 3m + | hay k = 3m + 2. Vay nghiém 12 x = - 10° + k.60’

v6i k nguyén va k=3m + 1 hay k =3m + 2

d)Ta c6: cot (72° — x ) =tan ( x + 18°) (gbc phu ) nén phuong trinh ( 4 ) thanh :
tan (x + 18°) =2 ¢ x + 18° = arctan2 + k.180°
© x =arctan2 - 18° +k.180°
(arctan2 = 63°26").

Vidu 2 : Tim nghi€m ctia cidc phuong trinh sau trong khdang da cho :

a)sin(2x+§) = —sin(x +%) (1) (-7 <x<7)

b)3cosx=sin(x+90°)-1  (2) (0° <x<360%)

Gidi :
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Chuong 1. Ham s6 luong gidc & ham s6 luong gidc

2+ =—x-Zikon x=—£+kz—ﬂ (a)
a)(l)<:>sin(2x+§)=sin(—x—%)c> 3 6 o 56 3

x4l pex+ ik x=Z kox (b)

3 6 6
—7r<x<3»7[:(61)(:}20:—7r<2+kz—ﬁ<7r<:>—§<k<Z
6 3 4 4

Suyra:k=-1,0,1(dok e Z)
Tuong tu: (b ) cho:k =0.Tém lai, phuong trinh ( 1) c6 cdc nghiém Ia : —g; g;%";%"

b) Ta c6 : sin (x +90° ) = cosx nén :
=—-120" + k360°
(2)<:>cosx=—l=cos1200© * *
2 x=120° +k360°

Do 0° < x<360°:x=+120°

Dang toan 3 : Phuong trinh dua vé dang co ban|

19

St dung céc cong thiic lugng gidc nhu cong, nhin, bién ddi , ta c6 thé dua mot sd phuong trinh lugng gidc

vé dang cd ban .

Vi du 1 : Giéi cdc phuong trinh sau :

a)sinx+cosx—1=0 (1) b)2sin® (x +%) = cos(2x +2?7r) 2)

c)4sin Sxcos3xcos2x =1+sin 6x+sin4x(3)

d) [\/3 sin(x + %) +cos(x +%)} =1-cos(2x —7?7[) 4

Gidi :
1 T
1<:>\/§sin +Z =1< sinl +Z =——==sin—
a)(D) (x 4) (x 4) N 2

{x+7r/4=7r/4+k27r [ x=k2x

x+rnl/d=rw—-nld4+k2n x=rw/2+k2x

b)(2) & 1-cos(2x +2Tﬂ) =cos(2x+ 2?”) (do2sin* a=1-cos2a)

x=-mw/30+kr

=1 cos(2x+2—7z) =l=cos£® 2x+2—ﬂ=i-£+k27r =1
3 5 3 x=—-117/30+kx

c)(3) & 2(sin8x+sin2x)cos2x =1+sin 6x+sin4dx (do2sinacosb =sin(a+b) +sin(a—>b))

< sinl0x +sin6x +sin4x =1+sin6x+sin4x < sinl0x =1
UG LNy ® S ..
2 20 5

\/’

. T N3 1 V4 ’ 1
d4) & {2(sm(x + Z)? +Ecos(x +Z))} =1-cos(2x— ?)

2
=4 sin(x+£)cos£+sin£cos(x +£) =1—c0s(2x—7—”)
4 6 6 4 6
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Chuong 1. Ham s6 luong gidc & ham s6 luong gidc
& 4sin®(x +% +%) =1-cos(2x —7?”) (dosinacosb +sinbcosa = sin(a + b))
&2 {1 —cos(2x +5?”)} =1-cos(2x —7?”) (do2sin* a =1-cos2a)
& cos(2x + 5?”) =1(docos(2x —7?7[) =cos(2x +5?7r —2m)=cos(2x+ %) )

<:>2x+5—7[=k27r<:}x=—5—”+k7z
6 12

Vidu 2 : Gidi cac phuong trinh sau :
a)2cos3xcosx+1=2sin3xsinx (1) b)2sinxcos’ x = cos 2x(1+sinx)  (2)

c)sin4xcos3x =sinxcos 6x 3) d)cos3x+cosTx=sin2x—sin8x (4)

Giai:
a)(1) & 2(cos3xcosx—sin3xsinx) =1<> 2cos4x =1

< cosdx = % =c0560° < 4x =160° + k360° < x =+15° +£90°

b)(2) < (2sin xcos x)coS X =C0S2X +C0s2xsin x < sin 2xcos X = cos 2x + cos 2xsin x
. . . /4
< (sin2x€0s X —Cc0s 2x5in X) = COS2Xx & cOS2X =sinx = cos(z—x)

[2x=7r/2—x+k27r {x=7z/6+k.27r/3
=

2x=-7w/2+x+k2x x=—n/2+k2x
o3 %(sin 7x+sinx) = %(Sin 7x +sin(=5x)) < sinSx = sin(—x)

{5x=—x+k2ﬂ' { x=kr/3
=

Sx=rm+x+k2x x=nld+kx/2
d)(4) < 2cos5xcos2x =2cos5xsin(—3x) < cosS5x(cos2x —sin3x) =0
Sx=rx/2+krx x=nr/10+kx/5
cos5x=0

i S| 2x=7x/2-3x+k2x <|x=xn/10+k27/5
cos2x =sin3x
2x=—m/2+3x+k2x x=rn/2-k2x

Vidu 3 : Gidi cic phuong trinh sau :
u tanx+1 _ 2(1+cot’ 2x)
1—tanx cot2x

0<x<90°) (1) b) sinz(x—%) = cos? 3x

¢) (sin2x+cos2x))* =2cos’3x (3)

@)

d)sin® x +cos* x =§ (90° <x <270°)(4)

1

T
tan x + tan 45° 2 1+ tan’
a) (1) = DX tan'x s pan(x+450) = on X
1—tan x tan 45 2 2tan x

tan x

<=>tan(x +45") = . ! <=> tan(x +45°) = tan(90° — 2x)
a

n2x
<=>x+45"=90° - 2x+k.180° <=> x =15° + £.60°
Do 0<x<90°, tadude x; =15° va x, = 75°
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Chuong 1. Ham s6 luong gidc & ham s6 luong gidc

Thé 2 gid tri nay vao phuong trinh ban diu, ta thiy ca hai gia tri déu lam phuong trinh ¢6 nghia. Vay
phuong trinh c6 2 nghiém 1a 15° va 75° .

b)(2) & %(1 —cos(2x —%)) - %(1 +c086x) < cos 6x = —cos(2x —%) - cos(%[— 2x)

6x=4r/3-2x+k2x x=x/6+kx/4
= =
6x=—4r/3+2x+k2x x=—n/3+kr/2
(theo dé bai ta phai st dung don vi do géc 1a d0)

¢)(3) & (sin2x +cos2x)’ =2cos’ 3x < 1+ 2sin2xcos2x = 2cos’ 3x
& sin4x =2cos’ 3x —1 = cos6x <> cos b6x = cos(%—4x)

{ b6x=rx/2—-4x+k2x {x=7r/20+k7z/5

<
6x=—7/2+4x+k2x x=—-nm/4+krx

d)(4) & 1-2sin” xcos” x =%<:> % =lsin2 2x =i(1—c0s4x)

& cosdx = _%: c0s120° < 4x =%120° +£360° < x =130° +£90°

e  Véinghiém x =30° +k90° va 90° < x <270° ta chonk =0, 1, 2 va dudc cdc nghiém la:x =
30°; x=120° ; x=210°.

® V&inghiém x = - 30° + k90° va 90° < x < 270° ta chonk = 1,2, 3 va dudc cic nghiém 1a x =
60° ; x=150° ; x=240°".

2sin’ x +cos4x —cos?2
Vi du 4% : Gidi phuong trinh : al al Al

(sin x —cos x)sin 2x

Gidi :
sinx—cosx#0

Diéu kién d€ phuong trinh c6 nghia : _
sin2x # 0

Phuong trinh cho tudng duong phuong trinh sau :

2sin® x+cos4x —cos2x=0<1—cos2x+2cos’2x—1—cos2x =0
cos2x=0
& 2c0s2x(cos2x-1)=0<
cos2x =1

e Vi cos2x = 1 thi sin2x = 0 nén khong thda diéu kién .
o VGicos2x=0,taco:
(cos x —sin x)(cos x +sin x) =0 < cos x +sin x = 0(do cos x —sin x # 0)

@sin(x+%)=0<:>x=—£+kﬂ'

Nghiém nay thda diéu kién clia phuong trinh nén 12 nghiém ctia phuong trinh .

Vi du 5% : Gidi cdc phuong trinh sau :

B,
COS X Sin x

sin x +sin 2x + sin 3x

a)8sinx =

=32

CcoS x +cos 2x + cos3x
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Chuong 1. Ham s6 luong gidc & ham s6 luong gidc 22
Gidi :

N N 2 . . - sinx #0 .
a) biéu kién dé phuong trinh c¢6 nghia : & sinx.cosx =0
cosx#0

0] <> 8sin? xcosx=x/§sinx+cosx<:>4sin2xsinx =\/§sinx+cosx

\
& 2(cosx—cos3x) = J3sinx+cosx (do2sina.sinb =cos(a—b)—cos(a+b))

. 1 3. T . T
& Cosx — 3smx=2c0s3x<:>c0s3x=5cosx—75mx=cosxcos§—smxsm§

3x=x+x/3+k2x x=n/6+kx
& cos3x=cos(x+7/3) =

x=—n/12+kx/2

Cidc nghiém nay hién nhién thda diéu kién nén 12 nghiém ctia phuong trinh .

PSS
3x=—x-7m/3+k2x

bY(2) (sin3x +sin x) +sin 2x —\/§<:> 2sin2xcos x +sin 2x _\/5
(cos3x+cosx)+cos2x 2cos2xcosx+cos2x
sin2x(2cosx+1)

B

cos2x(2cosx+1) -
Diéu kién dé€ phuong trinh c6 nghia :

cos2x #0 cos2x #0 <_>{x¢7r/4+m.7r/2 (a)

<
2cosx+1#0 cosx;t—% x#+X27x/3+m2x (b)

k
(2) & tan2x =3 =tan > = 2x = Lt kn(*) o> x=2+ L
3 3 6 2
So diéu kién :
e 2x=7/3+k m =>cos 2x = + Y5 thda diéu kién (a) < cos 2x # 0
T krx 2 1+3k=4+12m k#4dm+1
—+—#t—+ml2r <=> <=>
6 2 3 1+3k=—-4+12m k#-5/3+4m (thodvik,meZ)
Fk=4dm, k=4m+2,k=4m + 3
Viay phuong trinh ¢é nghiém : x= 7/6 + k 7/2 v6i k nguyén va k=4m, k=4m + 2, k=4m + 3.

C .Baitip ren luyén.
1.8 . Giéi cac phuong trinh sau :
a)2sin(2x +%) =-1 () b)sin(B3x—14°)+cos(x+24°)=0 (2)

c)cos(x +%) +cos(2x —%) =0 (3) d)cos(2x—12°)+sin(102° —2x)=-1(4)

e) tan(3x —%) + cot(zT”—S»x) =1(5) f)tan(x—12°).cot(2x+34°)=1  (6)

1.9 . Pinh m dé cdc phuong trinh sau ¢6 nghiém :

) 2m* +m+5
a) mcosx =-m+2 . b) cos3xcosx — cos” X = m. ¢) tanx = ———

m-—3
1.10 . Tim nghiém cta cdc phuong trinh sau trén cac khdang da cho :
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a)cos(2x+%) - —%(1) (-7 <x<0)
b)tan(2x —14°) = /3 (2)(0° < x < 200°)

1.11 . Giéi cdc phuong trinh sau :

. 1 )
a)cos x cos4x = cos 2x cos 3x b)sin’ xcosx = 2 +cos’ sinx

1
¢)cos10x +2cos” 4x = cos x + 2 cos x cos 9x d)cosxcostcos4x=§ (0<x<40%

D . Huéng dan — Pap so .

2x+£:—%+k27z

1.8.a)(1) & sin(2x + 2) =sin(— 1) <
4 6 T Ir
2x+—=—+k2r

46

b)(2) < sin(3x—14° ) =sin(x — 66°)
©)(3) < cos(2x —%) - cos(%’r _x)
d)(4) & cos(2x—12°)=cos120°

¢)(5) < tan(3x —30°) = tan 26°34"
F)(6) & 2x+34° = x—12° + k180 (x #102° +m180°)

& x=-36"+k.180°

19.
aym* > (m—-2)" <=>m>1

b) %(cos4x+cos2x)—%(1+cos 2x)=m <=>cosdx =2m+1

-1<2m+1<1<=>-1<m<0

cym#3
1.10 .a) (1) c6 cdc nghi€ém la : ——;—E

b) (2)c6 nghiémla :37°;127° .

1.11. a) cos3x = cosx b) sindx =- 1 c)cosx=1
d) 0 <x <40°=> sinx # 0. Nhan hai v& cho sin x , phuong trinh thanh:
e k.360’
sin8x = sinx & <=>|~ 7 . Nghiém 1a 20°.

x =20 +k.40°
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2. Mot s6 dang phuong trinh lugng gidc khic

A . Tom tit gido khoa .

I . Phuong trinh bac hai d6i v6i mét ham s6 lugng gidc :
asin® x +bsinx +¢=0 ; acos’x +bcosx +c=0
atan’x +btanx +¢c=0 ; acot’x +bcotx +¢c=0

Céch gidi :

e Ditt=sinx , cosx, tanx, cotx, ta dugc phuong trinh bac hai att +bt+c=0
(V6i t = sinx , cosx thi diéu kién: Itl <1)
Giai phuong trinh d€ tim t thoa diéu kién , n&u cé.
Suy ra x.

2 . Phuong trinh bic nhat déi véi sinx va cosx :  asinx + becosx = ¢

Cdch giai :
e Chia hai v&€ cho va* +b* , ta dugc :
a sin x + b COSX = ¢
\/az+b2 \/az+b2 \/a2 +b?
=sina
e Goi ala géc ma a +b° rcos(x- )= ¢
' b o VT
———— =sina a+b
a’+ b’

o N&u d’+b*>c*:cos(x- )= arcos(%) (dang cd bén)
a +b

<> LPhudng trinh asin x + bcos x = ¢ ¢6 nghiém & o’ +b* > cz‘

3. Phuong trinh thuin nhat bac hai d6i véi sinx va cos x : Pé 1a nhitng phuong trinh cé dang
asin® x + bsin x cos x +ccos’x +d =0.

Céch gidi 1 :
o Xét x= §+ kz <> cosx =0 : Th€ vao PT, xem né c6 phii la nghiém cta phuong trinh hay
khong ?

a T . . . N . " .
e Xétt x # P +kz ¢ cosx #0: Chia hai v& cho cos’x ta dugc mot phuong trinh bac hai

theo t = tanx . Nh§ : =1+tan” x . Gidi d€ tim t, suy ra x.

COS2 X

Céch giai 2 :
e Thé cos® x = V2 (1 + cos2x), sin” x = ¥ (1 — cos2x) va sinx cos x = ¥ sin2x , ta dua phuong
trinh vé dang Asin2x + Bcos2x = C.
e “Giai theo cich da biét.
B . Giai téan :

Dang téan 1 : Phuong trinh béc hai d6i véi mét ham sé6 lugng gidc] .
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Vidu 1: Giéi cdc phuong trinh sau :

a)4cos2x—2(1+\/5)cosx+\/§=0 @ b)sin3xcosx+cos3xsinx=cos4x+§ (2)

. 2 . ) . 1
c)sin3x ——=sin’ x = 2sinxcos2x  (3) d)sin’ x+cos’ x =—7c0s2 2x (4
3 16

Gidi :

c) bétt = cosx , phuong trinh ( 3 ) thanh :

47 = 2(1+2)t+2 =0(*);A' = (1+~/2 ) =42 = (2 - 1)?

I=M=l cosx=%=cos— x=*—+k2r
O° iy 5T B T
t:—1+ 2+4( 2_1):72 cosx=72=cos£ x=*—+k2x

b)(2) < sin xcos x(sin” x —cos’ x) = cos 8x +§ o —isin 4x =cos8x +%

(i)—%sin4x=1—2sin2 4x+%<:>8sin2 4x —sin4x—-9=0
<=>sin4x=-1 hay sindx=-9/8(/)
PA4x=-7R2+Kk27x @ x=-7/8+k 7/2

¢)(3) & sin3x —isin2 x =sin3x +sin(—x) < 2sin> x —/3sin x = 0

NG

sinx=0
& \/g Cpox=krix=r/3+k2r;x=2n/3+k2nm

sinx =— =sin—
2 3

d)(4) & (sin* x+cos” x)* —2sin* xcos’ x = i—écos2 2x
2 2 P .4 4 17
<:>[1—251n XCos x} —2sin” xcos’ x =—cos" 2x
16
.2 1 .4 17 .2
& 1-sin” 2x+—sin” 2x = —(1—sin” 2x)
8 16
sin® 2x = -1(/) ot

& 2sin* 2x+sin’ 2x—1=0| 1 oax="ikrex=2
sm22x=5©cos4x=0 2 8 4

Vidu 2 : Gidi cac phuong trinh sau :
. _ 2
a) (3+2s1nx)co§x (1+cos” x) “1 Q)
1+sin2x
b)5sin x —2 =3(1—sin x) tan” x )

Giai :
N . . k
biéukién: 1+sin2x#0 < sin2x # -1 < 2x¢—£+k7rc> x¢—%+7ﬂ

(1) & (3+2sinx)cosx—(1+cos” x) = 1 +sin 2x
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< 3cosx+sin2x—1—cos’ x =1+sin2x

) cosx =1
& cos" x—3cosx+2=0& oS x=k2x
cosx =2(/)

Nghiém nay théa diéu kién ctia phuong trinh nén nhan dugc
b) Piéu kién dé phudng trinh c6 nghia : cosx # 0 <> x # % +kr

2 2

sin” x . . sin” x
— <> Ssinx—2=3(1-sinx) —

cos” x 1—sin” x

& (Ssinx —2)(1+sinx) =3sin’ x < 2sin” x+3sinx-2=0

(2) © Ssinx—-2=3(1-sinx)

sinx=l [x=7r/6+k27z
2 &

sinx=2(/) x=571/6+k2x

Céc ho nghiém nay thda diéu kién nén nhin dugc .

*Vi du 3 : Gidi cdc phuodng trinh sau :
a)tan® x+4cot’ x+7 =4tanx+8cotx (1)  b)tanx-+cotx+7 =cot’ 2x(2)

¢)6sin® x +2cos> x — 2+/3 sin 2x = 14sin(x—%) ~5(3)

2 Vs 5
d 2x+—)+4cos(——x)=— (4
)cos(2x 3 ) cos(6 X) 2( )

Giai :
A A . mr
a) Diéu kién : sinxcosx ¢O©sm2x¢0<:>2x¢m7r<:>x¢7

Pit t = tanx + 2cotx , ta ¢6 : t* = tan’x + 4cot’x + 4 ( Vi tanx.cotx = 1)

Phuong trinh ( 1) thanh :
t=1

(t2—4)+7=4t<:>t2—4t+3=0©[t ;

» ) . 2 2

e VGit=1,tacédphuong trinh: u+—=1(u=tanx) < u" —2u+2=0(vn)
u

e V§it=3,tacé phuong trinh :

{u=1 {tgx=1 x="rkrn
o o 4
u=2

2
u+==3su’ -3u+2=0s =2
X =
“ & x=arctan2 +kx
Céc nghiém nay nhin dugc vi thda didu kién & trén .

s, | B . . mr
b) Pi€ukién : sinxcosx <> sin2x#0 < x #—

Taco':
sin x N COSX sin’ x +cos” x 2

1

2

. . o’ 2x=———
cosx sinx Sin x cos x sin2x sin” 2x

Phuong trinh ( 2 ) thanh :

tan x +cotx =

1

t=-2
t=4

2+7=0-1(t=

;|t|21)<:>t2—2t—8=0<:>[
sin 2x
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) 1 2x=—-7w/6+k2x x=—-n/12+krx
*t="2&sin2x=——& &
2 2x=Trw/6+k2x x=Tr/12+kr
—a+k
. 1 2x=a+k2r YTy TR
*t=4&sin2x=—=sina <
4 2x=rw—a+k2x T—a

x= +kr
2

c) sin(x—z) — sinxcos = —sin 2 cos x = l(\/gsinx —COoS X)
6 6 6 2
VT = 2(3sin® x — 2+/3 sin x cos x + cos” x) = 2(+/3 sin x — cos x)*

Phuong trinh ( 3 ) thanh :
2 . T, 1 . 2
8" =141-5 t=s1n(x—g)=5(x/§s1nx—cosx) &8t —14t+5=0

. T
& Ssinx——)=—&

=3 1 {x—iz/6=7z/6+k27r [x=7r/3+k27r
5 2

1=2

4()

PSS
x—rnl6=nm—-7mw/6+k27 xX=rmw+k2r

d)Ta ¢6 - cos(%—x) - sin(x+%) = 1:c08(2x +2T”) = cos2(x +%) =’ —2sin2(x+§) —1-2¢2

Phuong trinh ( 4 ) thanh :

1—2ﬁ+4t=§¢>4f—8t+3=0¢3t=l(t=iUD
2 2 2
x+ 2= |x=—L1kon
1 . T 1 3 6 6
t=5<:>s1n(x+§)=5<:> 5 &
x4 2=k | x=Z+k2n
3 6 2

Dang téan 2 : Phugnh trinh bic nhit theo sinx va cosx| .

Vidu 1: Gidi cic phudng trinh sau :
a)sin2x —cos2x = 2 ) b)\/E sin 3x ++/6 cos3x =2 (2)

¢) 6sin’ x—8sinxcosx =5,5 (3)

Gidi :
a) (1) =2 sin(2x—%) -Lo sin(2x—%) —-1
ow-Z-Zikrox="Likr
4 2 8
b)(2)<:>sin3x+x/§cos3x=ﬁ©%sin3x+gcos3x=g

. T . T 2 . V4 .
& sin 3xcos?+ sin—cos 3x = — < sin(3x +?) = sz

www.saosangsong.com.vn



Chuong 1. Ham s6 luong gidc & ham s6 luong gidc

w+Z ="k x:—£+kz—”
e 3 536 k23
3w+ =" i kon x=2 BT
3 4 36 3

¢) (3) & 3(1 — cos2x) — 4sin2x =5, 5 <& 3c0s2x + 4sin2x =- 2,5
Chia hai v€& cho 3> +4% =5vagoi a =arccos(3/5): cos 2xcos o + sin2xsin a. = - V2
& cosx-a)=cos2mr /3@ x=alR2xx/3+k

Vi du 2 : Pinh m dé céc phuong trinh sau ¢6 nghiém
a)ymsinx —(m—1)cosx=3-2m (1) b)msinxcosx+sin’ x =m (2)

Gidi :

a) Phuong trinh ( 1 ) c6 nghiém khi :
m +(m-1)Y°>3-2m)” <2m* -10m+8<0<1<m<4

. 1—cos?2 .
b)(2)@ﬂs1n2x+ﬂ=m@ms1n2x—cost=2m—1
2 2
4
(2) c6 nghiém khi : m” +1>(2m—1)’ <:>3m2—4ms04:>03msg
Vidu 3 : Tim gi4 tri 16n nhat va nhd nhit cla cdc ham s& sau :
3sinXx + cosx 3sin” x + 3sin 2x
a)y=—r SRR () by= —0 @)
cosx +3 2sin“x+cos“x +1
Gidi

a) Tap x4c dinh la R.

Vi€t lai (1) : 3sinx + cosx = y(cosx + 3) <> 3sinx + (1 — y)cosx = 3y (*)

Tap gid tri ctia ham s6 13 tAp hdp nhiing gi4 tri y sao cho ton tai x thda (¥) tic (*) c6 nghiém x
&3+ (1-y)P? =@y 8y +2y—10<0

&-5M4<y 1

Vay GTNN la — 5/4 va GTLN 1a 1.

b) Tap xéc dinh 1a R.

Viét lai (2) : 3sin® x + 3sin 2x = y(2 + sin’x) < %(1 — 082x) + 65in2x = y(Z +#)

& 3(1 = cos 2 x) + 6sin 2x = y(5 — cos 2x)

& (y — 3)cos 2x + 6sin2x = 5y — 3(*%)

Tap gi4 tri ctia hAm s6 13 tAp hdp nhiing gia tri y sao cho ton tai x thda (¥*) tic (**) c6 nghiém x
@ (y-3) +6">(5y—3) &2y -2y-3<0

2 1_2ﬁ <y< 1+2ﬁ.

1++/7 1-+7

va GTNN la ——
2 2

Vay GTLN la

|Dang téan 3 : Phuong trinh thudn nhat bic hai ddi véi sinx va cosx

Vidu 1: Gidi cic phuong trinhsau
a) 4sin® x —5sinxcosx +3cos’ x =1 (1)

b) 4+/3 sin” x cos® x — 2(1++/3) sin x cos xcos 2x + cos” 2x = 0(2)
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Giai :

a)

*Th€ x=7w/2+km: 4.1-5.0+0=1 (sai)
*V§ix # m/2+km: Chia hai v€ cho cosx # 0

=l+tan’ x < 3tan” x—5tanx+2=0

(2) & 4tan’ x—Stanx+3 = 5

COoS X

[ tanx =1 x=%+k7z

t —2/3<:>
anx= x =arctan(2/3) +krx

b)(2) < /3 sin® 2x — (1++/3)sin 2x cos 2x +cos® 2x = 0. (cos2x = 0 khong phai 1a nghiém ctia (1) vi
khi d6 v€ trdi bing /3 (dosin®2x=1) .
tan2x =1

cos2x¢0;(1)@x/gtan22x—(1+\/§)tan2x+l=0©t gl
an 2x = ——

V3

2x=rn/4+kr x=rw/8+krx
= =
2x=xw/6+krx x=m/12+kr/2

: . 3+ N .
Vi du 2 : Gidi phuong trinh : sin® x + V3sinxcosx+2cos’ x = bing cdch dua vé phudng trinh

bac nhat d6i véi sin2x va cos2x .

Gidi :
Phuong trinh cho tuong duong phuong trinh sau :

1+cos 2x = 3+2\/§ = cos2x+\/§sin2x:x/§

%(1—c052x)+§sin2x+2.

) T \/5 2x+x/6=rm/4+k2x x=x/24+krx

Ssin2x+—)=—< =
6 2 2x+7x/6=37x/4+k2x x=Trn/24+kx
Ghi chii: Néu gidi theo cdch 1 thi ta dugc phwong trinh
342
2

Nghiém ciia phuong trinh nay khong duoc “dep” chiit nao! Ban hdy gidi thich tai sao thuong thi gidi cdch 2
cho ta nghi¢m “ dep” hon.

tan® X + \/gtanx+2= (1+tan’x) & (\/§+1)tanx—2\/§tanx+\/§—1=0

t[)ang téan 4 : Phuong trinh lugng giac dang tich|

Néu phudng trinh c6 thé dua vé dang: f(x). g(x) = 0 thi n6 tudng duong vdi : f(x) = 0 hay g(x) = 0

Cic cong thic ha bac, nhan va bién ddi c6 thé gitip & 1am xut hién nhan ti chung, budc cd ban d€ dua
duge vé dang tich.

Vidu 1: Giéi cdc phuong trinh sau :

a) 2sin2 x + S5cosx =0 (1) b) cos x + sinx =cos2x (2)

¢) sin® x +sin’ 3 x = sin’ 4 x (3) d) 1 + cosx + sinx + sin2x + cos2x =0 (4)
Gidi :

a) (1) & 4sinxcosx + 5cosx = 0 <> cosx(4sinx + 5) = 0 & cos x = 0 hay sinx = - 5/4 (loai)
&Sx=xnl2+krx
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b)(2) <> cos x +sin x = cos’ x —sin’ x < (cos x +sin x)(cos x —sinx—1) =0
. /2
{cosx+sinx=0 \/Esm(x+z)—0
cos(x+£) :L = cos%

NG

x=-n/d4+krx

cosx—sinx=1

x=-mw/d+krx
& x=k2rm

x+rn/d=xr/4+k2rn
x=—-7m/2+k2x

I-cos2x 1-cos6x
+
2
& 2cos4xcos 2x — 2c0s’4x = 0 < 2cos4x(cos 2x — cos 4x) = 0
& cos4x. sinxsin3x = 0 <> sin x = 0 hay sin 3x = 0 hay cos 4x =0
& x=kmnhay x=kn/3 hay x=n/8+kn/4
d)(4) < (1+cos2x) +cosx+sinx +(sin2x) =0

) (3) & =1-cos?4x < cosbx + cos 2x — 2cos’4x

& (2c05°x +cos x) + (sin x + 2sin x cos x) = 0

& cosx(2cosx+1)+sinx(2cosx+1)=0
. 2cosx+1=0

< (2cosx+1)(cosx+sinx) =0 }
cosx+sinx=0

cosx=—1/2=cos2x/3 x=2x/3+k2x
x=—-n/4+krx

V2sin(x+7/4)=0

*Vi du 4 : Gidi cdc phuodng trinh sau :

(2

a)tan 2x +sin 2x =écotx (D b)2tanx+cot2x =2sin2x+
2 sin 2x

Gidi :
cos2x #0(*)

a)Piéu kién d€ phuong trinh ( 1) ¢6 nghia : { .
P £ £ sin x # 0 (*%)

Phuong trinh ( 1) thanh :

sin2x . 3 cosx . .
+sin2x = —.—— <> 2sin 2x(1+ cos 2x) sin x = 3cos 2x cos x
cos2x 2 sinx

& 4sin2xcos’ xsinx —3cos2xcosx =0 < 2sin’ 2xcos x —3cos2xcosx =0
& cosx(2sin’ 2x—3cos2x) =0 < cosx(2—2cos” 2x —3cos 2x) =0

1
< cosx=0; cos2x=—; cos2x=-2(/)

e V§i cosx = 0 hién nhién (*) va (**) thda ( vi khi d6 cos2x = 2cos’x—1 = -1 ; sinx = | hay

sinx = -1)
N ia s V4
Viay nghiémla : x =3+k7r
1 2 . 2 2 :
e Vi cos2x =3 , hién nhién (¥) thoa ; (**) ciing thoa vi khi d6 :
l-cos2x 1-1/2

sin’ x = =1/4 ¢ sinx # £1/2

2
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Va cos2x =%<:> 2x = i%+k27z & x= i%+k7r

Tém lai, (1) c6 nghiém Ia : x=%+k7z;x=i%+k7z

o . cosx#0 .
b) bi€u ki€n dé phuong trinh ( 2 ) c6 nghia : < < sinxcosx =0
sin2x =0
2sinx cos2x ) . . .
2)<= +— =2sin2x+— < 4sin® x+1-2sin” x = 8sin” xcos” x +1
cosx  sin2x sin2x

< sin” x(1-4cos” x) =0 < 1—4cos” x = 0(dosin x # 0)
@1—2(1+c0s2x)=O<3c052x=—%<:>2x=i27”+k27z<3x=i%+k7r

Nghi€ém nay hién nhién thoa diéu kién nén nhin dugc .

C .Baitip ren luyén.
1.12 . Gidi céc phuong trinh sau :

. 1 )
a) cos x cos 4x = cos 2x cos 3x b)sin’ xcosx = i cos’ xsin x

c)cos10x+2cos’ 4x =cosx+2cosxcos9x  d)cosxcos2xcosdx =é (O<x<m/4)

1.13 . Gidi cédc phuong trinh sau :

a)sin x +cos x +sin 2x +2cos’ x =0 b)sin® x + cos® x = 2(sin® x + cos® x)
. .21 . 7
¢)sin® 4x —cos’ 6x = sm(T” +10x) d)sin® x +cos’ x = g cot(x +§) cot(% -X)

1.14 . Gidi cac phuong trinh sau :
a)tan x +cotx =2(2 +sin 2x) b)3cos’ x—4sin’ xcos’ x +sin’ x =0

¢)sin® x +cos* x + cos(x —%) sin(3x —%) —% =0 d)tan x + cot x = 2(sin 2x + cos 2x)

1.15 . Gidi cédc phuong trinh sau :

a) sinx + sin2x + sin3x = cosx + c0s2x + cos3x b) sin’x + sin“2x + sin®3x = 1,5
1- 2
¢) (2sinx + 1) (2sin2x — 1) = 3 — 4cos’x d) 1+cot2x = #
sin” 2x

1.16 . Gidi cdc phuong trinh sau :
a)sin’ x(1+ tan x) = 3sin x(cos x —sinx)+3 b)4(cos’ x+sin’ x)+~/3sindx =2

. .3 . 3
c)\/gsmx+cosx= d)2sin’ x—sinx =2co0s” x —cos x+cos 2x

CcOs X
1.17 . Gidi céc phuong trinh sau :
a) (2cosx — 1) ( 2sinx + cosx ) = sin2x — sinx ( thi tuyén dai hoc 2004 )

2
b) (sin 2x++/3 cos 2x) —5=cos(2x —%) ( thi tuyén dai hoc 1996 )
¢) tan’*( x - %) =tanx— 1 ( thi tuyén dai hoc 1999 )

d) 8cos’( x + % ) = cos3x (thi tuyén dai hoc 1999 )

1.18. Gidi céc phuong trinh sau :
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a)sin3(x—%) =~/2sinx b)sin(3x—%) =sin 2xsin(x +%)

c)tan4x +tan x = 2 tan 3x d)2sin3x———=2cos3x+

sin x cos x
D . Huéng dan - Papso .

1.12 . a) cos3x = cosx b) sindx =- 1
c)cosx =1
d) sinx # 0, nhan hai v€ cho sinx, phuong trinh thanh sin8x = sinx .

1.13 . a) ( sinx + cosx )( 2cosx+ 1) =0 b) cos2x (cos’x — sin®x )= 0
¢) coslOx (2cosx+1)=0

d) Piéu kién 1a : sin(x + %)cos(x + %) #0

Phuong trinh thanh cos4x = 0,5

1.14 . a) Diéu kién 1a : sinxcos x # 0 <> sin 2x # 0 . Phuong trinh thanh :

=2+sin2x <> sin? 2x+2sin2x—1=0©sin2x=—1+x/5

sin2x
k
b) Phuong trinh thanh : 2cos*2x + cos2x = 0 . Nghiém 12 ; x = % + %;x . i% +kx
¢) Phuong trinh thanh : 3sin’2x — sin2x =0 .
d) Piéu kién d€ phuong trinh c6 nghia : sin2x # 0 . Phuong trinh thanh :
sin’2x + sin2xcos2x = 1 <> cos2x ( cos2x + sin2x ) =0 .
k k
Nghigm Ia; x =2 +20  x =24 5%
4 2 g8 2
1.15 . a) Phuong trinh thanh : 2sin2xcosx + sin2x = 2c0s2Xc0sx +c0s2x
& (2cosx + 1) (sin2x - cos2x) =0 .
b) Phuong trinh thanh : 1 — cos2x + 1 — cos4x + 1 — cosbx =3
& cosdx (2cos2x +1) =0.
¢) Phuong trinh thanh : (2sinx + 1) (2sin2x — 1) = 3 — 4(1 — sin’x) = 4sin’x—1
& (2sinx + 1) (2sin2x —1 — 2sinx + 1) = 0 <> (2sinx + 1) sinx (2cosx — 1) =0.
d) Diéu kién: sin2x # 0 . Phuong trinh thanh :
2
sin? 2x(1 + ==X
sin 2x
<=>co0s2x(cos2x—sin2x—1)=0

) =1-cos2x <> sin’ 2x +sin 2xcos 2x =1—cos 2x

Phuong trinh ¢6 nghiém 13 : x =%+ kz;x= —%+ ks x =kx(l)

1.16 . a) Piéu kién cosx # 0 . Chia hai v& cho cos’x , ta ¢6 :
tl+t)=3t(1-t)+3(1+t) (t=tanx)

& (t= 1) (f—3) = 0. Nghiém Ia :x=%+k7r cx=+"tkx
b) Phuong trinh thanh :

4(1—%sin2 2x)+\/§sin4x =2 4[1—%(1—cos4x)}+ 3sindx=2<

. b 1
\/§SIH4x+COS4X =l sm(4x+%) = —5
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¢) Piéu kién: cos x # 0. Chia hai v& cho cosx , ta c6 :

tanx =0

\/gtanx+1=1+tan2x©tanx(tanx—\/§)=0<:> = pa
tanx =3 x=?+k7r

Céc nghiém nay théa diéu kién ctia phuong trinh nén nhan dudc
d) Phuong trinh thanh : - sinx (1 — 2sin’x) = cosx ( 2cos’x — 1) + cos2x
k
<& cos2x (sinx + cosx + 1) =0 . Nghiém 1a : x =%+7ﬂ;x = —£+k271';x =rx+k2x
1.17 . a) Phuong trinh thanh : (2cosx — 1) (2sinx + cosx) = sinx (2cosx — 1)
& (2cosx — 1) (sinx + cosx) =0 .

b) Phuong trinh cho thanh :
2
{2[sm 2x.%+cos Zx.gﬂ _5= cos(2x—%) S —1-5=0(t= cos(2x—%))

7
St=-1 <:>cos(2x—£):—1<:>x:—”+k7r
6 12
71' N N
c)bitt=x- Z , phuong trinh thanh :

I+tant 1= 2tant
I—-tant I—-tant
& tant(tant +1)(—tan’ 7+ 2tanz —2) =0

& tant(—tan’ £+ tan’ 1 —2) =0

tan’ # = tan(¢ +%) ~1=

t=k
tant =0 7 x=£+k7r
= = P = 4
tant = -1 t=——+kr
x=+kr

d)Pitt=x+ %@ x =t—% , phuong trinh thanh :

8cos’ t = cos(3t — ) = —cos3t =—4cos’ t +3cost <> cost(4cos’ t—1) =0
& cost =0 haycost=%1/2
1.18.

Vd V4
a)Piatt=x- Z:> x=t+z , phuong trinh thanh :
s1n3t=\/5s1n(t+z) =sint+cost < sin#(1—sin’¢) +cost =0

& sintcos’ £+ cost :O<:>cost(%sin2t+1) =0 & cost =0(sin 2t =-2(/))

<:>t=£+k7r<:>x=3—”+k7r
2 4

b) bit ¢ = x+%® x= t—% =sin2x = sin(2t—%) = —cosZt;sin(3x—%) = sin(37 — 7) = —sin 3¢

Phuong trinh thanh : sin3t = sintcos2t hay sin ( t + 2t) = sintcos2t
< sintcos2t + sin2tcost = sintcos2t <> sin2tcost = 0¢> 2sintcos’t =0 .
c)biéu kién : cosx#0 ; cos3x#0 ; cos4x#0

sin x sin 2x
PT < tan4x —tan3x =tan3x —tan x < =

cos4xcos3x cos3xcosx
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sin 2x = 0 (%)

& sinxcosx =sin2xcos4x & sin2x(1-2cos4x) =0 & 1
cos4x :E(**)

(") <sinx=0(docosx#0) <= x=krx

1 k
(**) < cosdx=—4x=1= Zikreox=+L 2
2 3 12 2
e VéGinghiém x=krxz , hién nhién cédc diéu kién thda (

vi coskr # 0;cos 3k # 0;cos 4k # 0)

kr . A
e VGinghiém x = J_r% +7’r , diéu kién cos4x =0 hién nhién thoa vi cosdx = 0,5 .

. k .
Pidu kién cosx¢0<:>x¢%+k';r<:>i%+7ﬂ¢%+k'7z<:>il+6k¢6+12k' hién AAMBR\thoa vi

v€& trdi la s6 1é con v€& phdi 1a s chin .
3k
Piéu kién cos3x#0 < 3x = — 5 +k 7z<3+z+7”¢ 2+k T < 1+ 6k#2+4k'

hién nhién thda vi v€ trdi 1a s& 1& con v& phai 1a sd chin . Tém lai , phuong trinh ¢é céc nghiém la :

x=krx;x= +—+—
12 2

d)Piéukién : sinxcosx 20 < sin2x 0 2x#k'n

PT & (sin3x—cos3x)=m<:> \/Esin(3x—£) = ;
2sIn X cos x 4 sin2x

\/Ecos(x —%)

T T 1 T T T
< sin(3x ——)sin2x = cos(x ——) < —| cos(x ——) —cos(5x ——) | =cos(x ——
( 4) ( 4) 2[ ( 4) ( 4)} ( 4)

cos2x=0

Vs Vs Vs
< cos(Sx——)+cos(x——)=0<= 2cos(3x——)cos2x=0<
(ryreosta=) Sy cos(3x—%)=0

(*)cos2x=0(=sin2x=*120) = 2x—E+k7r<:> x—%+k?ﬂ

(**)cosGr-2) =0 3x—2 = L 4 kz > x= L4 K2
4 4 2 43

(:>2x:5+sz” sin2x#0< 2x#k'r < 2+sz”¢k T <> 3+4k+6k")

biéu kién nay hién nhién thda ( 3 + 4k) 12 s 1é con 6k’ 1a s& chin .Tém lai nghiém cta phuong trinh (4)
. T kx T krx
A:x=—+—;x=—+—
4 2 4 3

Cau héi tric nghiém chuong I .

A . Cauhéi.
1 . Trong 4 ham s& duéi day , c6 bao nhiéu ham s6 13 him s& chin ?

y=cos3x (1) ; y=sin(xX’*+1) (2);y=tg’(x) (3); y=cotgx (4).
a). 1 b).2 c).3 d).4

2 . Trong 4 hé thic dudi day , c6 bao nhi€u hé thiic sai ?
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.21 . 4 4
sm—ﬂ =smZ (1);tan—”= tanZ(Z);tang—” =tan£(3);cos—”=cos3—”(4)
5 5 5 5 7 7 7 7

a). 1 b).2 c).3 d). 4

3.Cho3himsd: y=f(x)=sin2x (I) ; y=f(x)=cosx (II); y=tanx (III).Trong ba him s&
nay , hAm s& nao thda tinh chatsau: f(x+kx)= f(x),VxeR;VkeZ

a).Chi (1) b), Chi (11) ¢). Chi (TIT) d).Chi (T)va ().
. 2 .
4 .Cho ham s6 : y =sin2x, x € [—%,Tﬂ} . Tap gid trj ctia ham s6 nay 1a tdp nao dudi day ?
1 3 1 .
a).{—a,l} b).{—%,l} c).{g,l} d). mot ddp s6 khédc

5.Chohaimsdy = \/§c052x—sin2x+ 5 .NéuM, mlan lugt 1a GTLN , GTNN clia him s& thi (M + m
) biing bao nhiéu ?
a).9 b). 10 c).11 d) . mot dap s6 khéc .

6. Cho ham s8 : y = cos’x + 4cosx + 10 . Néu M, m lan lugt 1a GTLN , GTNN ctia ham s6 thi (M +m )

bing bao nhiéu ?

a). 19 b) .21 c).23 d) . mot dap s6 khic

7.Cho3hamsd:y=tan2x (1) ; y=cot2x (II) ; y=tanx (III).Dd thi ctia him s6 nio nhin dudng
2 3 .

thaing x = Tﬂ lam dudng tiém can ?

a). Chi (1) b). Chi (11) ¢). Chi (1II) d). Chi (1) va (1)

8 .Cho phuong trinh : sin5xcos3x = sin10xcos8x . N&u ta bi€n ddi phuong trinh nay vé dang sinax = sinbx

thi (a + b ) bang bao nhiéu ?
a).20 b) .22 c).24 d).26.

V4 V4
9 . Phuong trinh cos(2x +Z) =— ¢6 bao nhiéu nghiém thudc khdang (—E,iz)?

N | =

a)2 b) 3 c) 4 d) mot ddp sd khdc .

10 . Cho phuong trinh : sin ( 2x + 15°) + cosx = 0 ( 0° < x < 300° ) N&u S 1a tong tit ca cic nghiém ( tinh
bing do ) cta phuong trinh nay thi S biing bao nhiéu ?

a) 355° b) 455° c) 555° d) mot ddp so khdc .

11 . Cho phudng trinh : cos2x. cos4x + 4cos” x — 2 = 0 . Khi gidi phuong trinh nay bing cich dua vé dang

k . .
tich A . B =0, ta dudc mot ho nghiém c6 dang : a +7”(k €Z:0<a< %) thé thi a bing gid tri n2o dudi

day ?
r r r r
a). — b).— c).— d).—
) 4 ) 6 ) 8 ) 12
12 . Cho phuong trinh : sin® x — (1 ++/3)sin x cos x ++/3 cos’ x = 0. Khi giai phudng

trinh nay biing cdch dua vé mot phuong trinh bac hai ma 4n 14 tanx , ta dugc hai ho nghiém c6 dang :
a+krx;b+k'n (k,k'eZ;0 <a<%;0<b <%) ,th€ thi (a+b)bing bao nhiéu ?

3z 3z hY/4
— b).— c).— d).—
a) 2 ) g )12 )
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13 . Cho phuong trinh : ( 2sinx + 1) (2 — 3sinx ) = 3 — 4cos’x . Khi giai phudng trinh nay bing cich dua

ve dang (asinx + b ) (csinx +d ) =0 thiti s0 — badng ti s6 nao dudi day ?
c

2 ! 3 3
E b~ 3 d).>
-3 )3 =3 )3

14 . Cho phuong trinh : 2msinxcosx + 4cos’x = m +5 ( 1) ; m 1a mot phan t& cia tip hdp
E ={-3,-2,-1,0,1,2} . C6 bao nhiéu gi4 tri chia m d€ phuong trinh ( 1) c6 nghiém ?
a) 2 b) 3 c)4 d) 5

15 . Cho phuong trinh :2sinx ( cos2x + cos4x + cos6x ) = sin7x + 1 . Dung cdng thiic bi€n ddi tich thanh
tong , phuong trinh niy sé& thu gon thanh dang : sin (ax) + b =0, th& thi (a +b ) biing bao nhiéu ?
a) 1 b) 2 c) 3 d) mot ddp so khdc

16 .Cho phuong trinh : cos5x + cos’2x + cos’3x — 1 =0 . Khi giai phuong trinh nay bing cdch dua vé dang
tich, ta dugc phuong trinh ¢6 dang : cos (ax ) (cosx + 1) =0, thé thi a bing bao nhiéu ?
a) 2 b) 3 c) 4 d)mdt dap s6 khic
17 . Cho phuong trinh : 2sin’x — 3sinx — 2 = 0 . Nghiém duong nhé nhat clia phuong trinh nay bing bao
nhiéu ?
V4 V4

a).— b).— c).— d).—

) 6 ) 3 ) 3 ) 6

18 .Cho phuong trinh : (1 —tanx ) ( 1 +sin2x ) = 1 + tanx ( 1) . N&u dit t = tanx thi phuong trinh ( 1)
thanh mot phudng trinh c6 dang nao dudi day :
a) t+t8=0 b) £ +2t=0 ¢) £+2£8=0 d 28+=0

19 . Cho phuong trinh : sin ( 2x + 60°) + cos ( 30°-2x ) = 1 . N&u a 12 mot nghiém ctia phuong trinh nay va
-90° <a < 0° thi (5sin*2a + cos’2a) bing bao nhiéu ?
a) 1,5 b) 2 c) 2,5 d) 3

20 . Cho phuong trinh : 2 cos’2x + 4( cos*x + sin*x ) = 1 . Sit dung c4c cong thiic lugng gidc ta bién ddi
phuong trinh nay vé dang : acos4x + b =0 . Th& thi (a + b ) biing bao nhiéu ?
a) 2 b) 3 o) 4 45

4
21 . Cho phudng trinh : ( tanx — 1) ( tan’x - —=tanx + 1) =0. Phuong trinh nay c¢6 ba ho nghi€ém la :

NG
x=a+k71';x=b+k71';x=c+k7{a,b,ce(O,%);keZ]Théthi:
(a+b+c)bing bao nhiéu ?

2 3z S
T b).— c).— d).—
a) ) 3 )4 )4

22 .Cho phuong trinh : 2 + 2(sin’2x + cos’2x) = 3sin4x . N&u dit t = sin2x + cos2x thi phuong trinh nay sé
trd thanh phuong trinh nao dudi day ?

a). -3 +3t-5=0 b).C+32-3t-5=0

¢).t—3t-3t+5=0 d).C+3¢+3t-5=0
in4

23 . Phuong trinh : ISI& =0 (1) ¢c6 bao nhiéu nghiém thudc doan [O, 372']
—COS X
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a)9 b) 10 c) 11 d) mdt ddp s6 khac
o 4r T T A e s "
24 . Cho bi€u thitc : E=cos(x+—)+cosx ; x € 36l Gié trj 16n nhit ctia E bing bao nhiéu ?
1 1 e
a) —— b).1 ). d) mot dap s6 khac

2 2
25.Cho3 hams6: (I) 1y =f(x) = sin*2x + cos™2x ; (II) : y = f(x) = sin16x ;
(IID) : y = f(x) =sin4x + cos4x . Trong cdc ham s6 nay , ham s ndo ¢6 tinh chat :

k
f(x+77[) = f(x),VxeR,VkeZ

a) . Chi (I) b), Chi (II) ¢). Chi (I) va (II) d).Ca (D, 1), (1)

B .Pap an.
c 2b 3a 4b 5b 6d 7a 8 9b 10d
11a 12d 13c 14b 15b 16d 17d 18a 19b 20d
21c 22b 23c¢ 24d 25c

C . Huéng dan .
1(c).Chicéhimsé (4)1ahamsd1é.Cabahamsd (1),(2),(3) déula ham sé chin
2 (b) . Chi ¢6 hai hé thitc diing vi :
.21 ) .
sm—” = sm(£+2.27z) = smE ; tang—ﬂ = tan(£+7r) = tanE
5 5 5 7 7 7

47 T 4 RY/4
tan— = —tan— ; COS— = —C0S—
5 7 7

3 (a).Chihé thic (1) ding vi:
(): f(x+kr)=sin2(x+kr)=sin(2x+k27) =sin2x = f(x)
UD): f(x+kr)=cos(x+km)=—cosx (khi k=2n+1,neZ)

(I): f(x+kr)=tan(x+kx)=tanx = f(x) (x # %-‘r mr)

( IIT ) khong ding v6i moi x nén khong thoa .

4(b). xe —172—” & 2xe _£’4_7z =sin2x e —ﬁ,l
12 3 6 3 2
4z

V& dudng tron lugng gidc , truc sin, cic ngon cung : — ,? , ta thdy ngay tap gid tri cla y = sin2x .

K

5(b)
y = 2(730052x—%sin2x)+5 =2(sin%c052x—cos%sin2x)+5 = 2sin(%—2x)+5
=3<y<7 (do -1 Ssin(%—Zx)Sl) ;y:7khix:—%;y:3khix:% Viy M=7 ;

m=3; M+m=10.

6(d).y=(cosx+2)" +6.Ma:
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1<cosx+2<3=1<(cosx+2)°<9=7<y<15
y=15khix=0;y=Tkhix=r

VaiyM=15; m=7 ; M+m=22

7 (a).Pudng tiém cin clia ham sd y = tan2x la nhitng dudng thing :
kr

3
2x=£+k7zhayx =T = hhik =1
2 4 2 4
Pudng tiém can clia ham s8 y = cot2x la nhitng dudng thing :
k 5 3 .
x=kr=>x= Tﬂ- khong nhdn dudng thang x = Tﬂ lam dudng ti€m can .
Pudng tiém cin ctia haim s6 y = tanx 14 nhitng dudng thing :

. 3 .
X= % + k7 khong nhan dudng thang x = Tﬂ lam dudng tiém can

8(d) . Phuong trinh cho thanh :

%(sin8x+sin2x)=%(sin18x+sin2x)© sin8x =sinl8x = (a+b) =26

2+ 2 =" kon x=Z s kz(l)
4 3 24

9(b).cos(2x+%)=%=cos§<:> & S
2+ Z=Ziron | x=—Zikn(2)
4 3 24

V1 V4
Ho (1) c6 1 nghiém thudc khéang (—E,EJ (x =E)

V4 1w 177
Ho (2) ¢6 2 nghiém thudc khéang | —, 7 | (x=——,x=——
0 (2) ghiém thug g(z j( 24 24)

10(d).sin(2x + 15°)=-cosx =sin ( x — 90°) . Hai ho nghiém Ia :
(1):2x+15°=x-90°+k 360° hay x =-105° + k360°

(2):2x+ 15°=180" - x +90° +k360° hay x = 85° + k120° .

Ho (1) c6 1 nghiém x = 255° thudc khdang ( 0°, 300° )

Ho (2)c6 2 nghiém x = 85° ; x =205° thudc khdang ( 0°, 300° ) . Téng ba nghiém nay bing 545° .

11 (a) . Phuong trinh cho thanh : cos2x.cos4x + 2cos2x = 0 hay cos2x (cosdx +2) =0

~

cos2x=0<:>2x=£+k7r<::>x=£+k—7Z .V.@ly@l:Z
2 4 2 4

12 (d) . cosx = 0 khong phai 12 nghiém clia phuong trinh ( vi v& trdi = NER
v€ phdi=0)
Chia hai v& cho cos’x , ta ¢6 :

T
tanx =1 x=—+kz
tanzx—(1+\/§)tanx+\/§=0(cosx:tO)@ \/,c) 4
tan x =~/3 x=£+k'7r
3
a=£;b=£;a+b=7—ﬂ
4 3 12
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13 (¢ ) . Phuong trinh cho thanh :
(2sinx + 1) (2-3sinx)=3—-4(1-cos’x ) =4sin’x — 1
Hay (2sinx + 1) (2 —3sinx ) = (2sinx + 1 ) ( 2sinx — 1)
(2sinx + 1) (2—3sinx - 2sinx + 1 ) =0 hay ( 2sinx+ 1) (3 - 5sinx ) =0

.d 1 -
Dod(’):—=—§ (tisé—=5 khong c6 trong ddp dn nén chi ¢ thé 1dy d =3 ; c =-5)
¢ ¢

14 (b)) . Phuong trinh cho thanh : msin2x + 2cos2x = m + 3 . Diéu kién d€ phuong trinh ¢6 nghiém la : m*
5
+22>(m+3) ©om< —E.Céc gia tri cha m thoa la

1-35-25-1.

15 (b ) . Phuong trinh cho thanh : 2sinxcos2x + 2sinxcos4x + 2sinxcos6x = sin7x + 1 hay
Sin3x — sinx + sin5x — sin3x + sin7x — sin5x = sin7x + 1 hay sinx + 1 =0.
Viy:a=1;b=1;a+b=2.

16 (d ) . Phuong trinh cho thanh :
cos5x+%(1+cos4x)+%(1+cos6x)—1 =0 cos5x+%(cos6x+cos4x) =0

& cosSx+cosSxcosx =0« cosSx(cosx+1)=0
Viy:a=5.

17 (d) . Phuong trinh cho c6 nghiém 1a : ( nghi€ém sinx = 2 loai )

x=-21k27()
. |
s1nx=—§=s1n(—g) =1 -
x=7r+g+k27r(2)
) " 2 s 117z
Ho (1) c6 nghiém duong nhd nhat 1a : x =T(ch0k =1)
Ho ( 2 ) ¢6 nghiém duong nhé nhatla : x = 7?ﬂ(chok =0)

. 7
Vay nghiém duong nhd nhit clia phuong trinh 12 : x = ?ﬂ

18 (a ) . Phuong trinh cho thanh :
2t
-0 1+
( )( 1+¢

(1+t)[(1+t2)—(1—t)(1+t)]=O<:>2t2(1+t)=0<:>t3 +£=0

]=1+t<:>(1—t)(1+t)2 —(1+)(1+) &

19 ( b) Phuong trinh thanh : 2sin ( 2x + 60%) = 1 ( vi cos ( 30°—2x ) =sin ( 60° + 2x ) )
2x+60° =30° + £360° 2x =-30° + k360°

. |
Tacé: sin(2x+60°) =—=sin30° < =
2 2x+60° =150° + £360° 2x=90° + k360°

. . 1 3 )
Theo gia thiét : 2a =-30°; sin2a = —5;cos2a =§;55m2 2a+cos’ 2a=2

20 (d) . Phuong trinh thanh : 1 + cosdx + 4 (1 —2sin’xcos’x ) = 1 hay :
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1 + cosdx + 4 — 8sin’xcos’x = 1 hay 1 + cosdx +4— (1 —cosdx ) =1

hay 2cos4x +3 =0

Viy (a+b)=5(thitraa+b cédang 5c, c1a mdt sé bat ky khac 0, vi du phuong trinh ndy c6 thé viét :
6cos4x +9=0;a+b=15).Theo dé bai ta chond,

21 (¢ ) . Phuong trinh c6 nghiém la :

Q
Il

x=Zkn
tanx =1 4

tanx=\/§© x=%+k7r:> b=
tan)c=L

ﬁ x=%+kﬂ'

o
I

|
AN w|y &~y
)
Q
+
o>
+
a
Il

22 (b)) . Phuong trinh thanh :

2 + 2 (sin2x + cos2x ) ( sin®2x — sin2xcos2x + cos’2x) = 3sin4x

Hay : 2 + ( sin2x + cos2x ) ( 2 — 2sin2xcos2x ) = 3 .25in2Xc0s2X . t = sin2x + cos2X ;
t* = 1 + 2sin2xcos2x ; phuong trinh thanh : 2+t (2— (1)) =3(t*— 1 ) hay

£ +30-3t-5=0.

23(c). Piéu kién d€ phuong trinh c6 nghia :
l-cosx#0<cosxzl<xk2n

(1)<:>sin4x=0<:>4x=m;;<:>x=%

0Sx£37r<:>0£%£37r<:>0£m£12

So véi diéu kién , ta phai loai céc gid tri : m = 0 ; m = 8 .Viy phuong trinh (1) ¢6 11 nghiém thudc doan
da cho .

24(d).E=Zcos2T”cos(x+2Tﬂ)(cosa+cosb=Zcosa_bcosa;b)
/2
=—cos(x+—
( 3)
T e e T i 2P T p<cosx+ Dy <t L p <o
3 6 3 2 3 2 2
Viy gid tri 16n nhitctia E1a 0.
25(0).(1):y=1—2sin22x00522x=1—%sin24x=%+50058x
krx. 3 1 krx. 3 1 .
+—)=—+—cos8(x+—) =—+—cos(8x+ k27) =
S(x 4) ) (x 4) ) (8x )=/(x)

D f(x +%”) = sin 8(x +%”) =sin(8x + k27) = sin8x = f(x)

(ID): £ (x +%) = sin4(x +%) +cosd(x +%) (chok =1)
=sin(4x + )+ cos(x + 7) = —sin4x —cos 4x
T T /A T
= f(—+—)=—-1#f(—)=1(chox =—
f(4 4) f(4) (chox 4)
Vay chi ¢6 (I) va (II) thda diéu kién cho .
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Chuong 1. Ham s6 luong gidc & ham s6 luong gidc
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